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Quantum transport in mesoscopic ring structures: Effects of impurities, long-range
hopping and interactions
Santanu K. Maiti1, ∗
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203 Barrackpore Trunk Road, Kolkata-700 108, India
In the present review we make a comprehensive analysis of our understanding on electron transport
in mesoscopic single-channel rings and multi-channel cylinders within a tight-binding framework. A
spectacular mesoscopic phenomenon where a non-decaying current circulates in a small conducting
loop is observed upon the application of an Aharonov-Bohm flux φ. To understand its behavior one
has to focus attention on the interplay of quantum phase coherence, electron-electron correlation and
disorder. This is a highly challenging problem and here we address it for some simple loop geometries
with their detailed energy band structures to get an entire picture at the microscopic level. The
behavior of low-field magnetic response of persistent current and its temperature dependence are
also discussed.
PACS numbers: 73.23.-b, 73.23.Ra, 71.27.+a, 73.63.Nm, 75.20.-g, 68.65.-k
I. INTRODUCTION
An emerging tendency in modern material science is to
propose and investigate systems containing smaller and
smaller structures. These smaller structures approach
the so-called mesoscopic or nanoscopic regimes in which
quantum effects become much more significant for the
behavior of these materials. This situates mesoscopic
physics at the interface of statistical and quantum pic-
tures. The mesoscopic systems are very much smaller
than the large-scale objects and they often have unusual
physical and chemical properties. The study of such sys-
tems provides a clear understanding of the behavior of a
material as it goes from a few atoms to large visible and
tangible objects.
A. The mesoscopic regime
The mesoscopic scale refers to the length scale at which
one can reasonably describe the properties of a material
or a phenomenon without discussing the behavior of the
individual atoms. For solids it is typically a few to ten
nanometers and involves averaging over a few thousand
atoms or molecules. In this scale the expected fluctua-
tions of the averaged physical quantities due to the mo-
tion and behavior of individual particles can be reduced
below some desirable threshold (often to a few percent)
and it must be rigorously established within the context
of any particular problem. In the mesoscopic regime, be-
havior of a system is considerably influenced by quantum
interference of electronic wave functions. The quantum
phase coherence, essential for the appearance of interfer-
ence effects, is preserved only during a finite time τφ the
so-called phase coherence time. In electronic conductors,
finite phase coherence time corresponds to a phase co-
herence length Lφ over which electrons can travel before
their phase coherence gets lost. Mesoscopic quantum ef-
fects appear when the typical time or length scales of
the system are smaller than the phase coherence time
or length. In many cases this means that the relevant
system size L must be smaller than the phase coher-
ence length Lφ. For an electron, the phase coherence
time/length is limited by electron-electron and electron-
phonon scattering. These processes are important at high
temperatures, but both are suppressed at low tempera-
tures implying that the phase coherence time/length is
strongly material and temperature dependent.
The mesoscopic regime is therefore characterized by
small time and/or length scales and low temperatures.
When temperature is lowered, the phase coherence
time/length increases (by a factor T−1), and the meso-
scopic regime gets extended. At sub-Kelvin tempera-
tures, the time and the length scales in semiconductor
samples are of the order of picoseconds and micrometers,
respectively.
B. Some extraordinary mesoscopic phenomena
The samples like quantum dots, quantum wires, two-
dimensional electron gases in semiconductor heterostruc-
tures, etc., exhibit many alluring physical properties.
Here we briefly describe some spectacular effects that ap-
pear in such systems as a consequence of quantum phase
coherence of electronic wave functions.
1. Aharonov-Bohm oscillation
One of the most notable consequences of quantum
phase coherence is the Aharonov-Bohm (AB) oscillation
in conductance of normal metal mesoscopic rings. At
low temperatures superposition of electronic waves prop-
agating along two arms of a ring becomes important. The
pioneering experiment on AB effect was done on a ring-
shaped resistor made from a 38 nm film of polycrystalline
gold. The diameter of it is 820 nm and the thickness of
the wire is 40 nm1. The conductance shows oscillating
2behavior as a function of magnetic flux enclosed by the
ring with h/|e| periodicity2:
g = g0 + gˆ cos
[ |e|BS
~
+ φ
]
(1)
where S is the area enclosed by the ring and B is the
applied magnetic field perpendicular to the ring plane.
2. Integer quantum Hall effect
One of the most stunning discoveries of 1980s was
the integer quantum Hall effect (IQHE)3 as a result of
quantum phase coherence of electronic wave functions in
two-dimensional electron gas (2DEG) systems. In the
Hall measurement, one drives a current along a conduc-
tor (2DEG), and measures the longitudinal voltage Vx
and transverse Hall voltage VH as a function of magnetic
field B applied perpendicular to the plane of the con-
ductor. According to the classical Drude formula, the
Hall resistance RH varies linearly with the field strength
B, while the longitudinal resistance Rx gets unaffected
by this field. This behavior holds true only when mag-
netic field is too weak. In strong magnetic field and at
low temperatures, one gets completely different behav-
ior which cannot be explained by the classical Drude
model. At high field longitudinal resistance shows oscil-
latory behavior, while Hall resistance exhibits step-like
nature with sharp plateaus. The values of RH on these
plateaus are given by h/ne2, where n is an integer with
values 1, 2, 3, . . . and it turns out that these values of RH
are highly reproducible with a great precision and are
also very robust so that they are often used as resistance
standard. The integer quantum Hall effect is a purely
quantum mechanical phenomenon due to the formation
of the Landau levels and many good reviews on IQHE
are available in literature4–6.
3. Fractional quantum Hall effect
At extremely high magnetic fields and low tempera-
tures, a 2DEG provides additional plateaus in the Hall re-
sistance at fractional filling factors and this phenomenon
was discovered in 19827. Unlike the integer quantum
Hall effect, it has been observed that the Coulomb corre-
lation between the electrons becomes important for the
interpretation of the fractional quantum Hall effect and
the presence of fractional filling has been traced back to
the existence of correlated collective quasi-particle exci-
tations8. This phenomenon has been reviewed in detail
by Chakraborty et al.5.
4. Conductance fluctuations and quantization
In the mesoscopic regime, conductance of disordered
wires exhibits pronounced fluctuations as a function of
external parameters, like magnetic field or Fermi energy.
These fluctuations were observed9 only at very low tem-
peratures which are perfectly reproducible and represent
a fingerprint of the quantum effects in samples. The
fluctuations appear due to the interference of electronic
wave functions corresponding to different pathways that
the electrons can take when traversing through a system.
The most significant feature of this conductance fluctu-
ations is that their typical amplitude is universal in the
diffusive regime10. The fluctuations are always of the or-
der of the conductance quantum e2/h and depend only
on the basic symmetries of the system11.
The conductance of ballistic quantum point contacts
was found12,13 to be quantized in units of 2e2/h and a
recent experiment14 demonstrates that the conductance
quantization can be observed even in an extremely sim-
ple setup. A quantum point contact is a very narrow
link between two conducting materials formed by impos-
ing a narrow constriction into them. With the decrease
of the width (W ) of constriction it has been observed
that conductance goes down in quantized steps. This is
due to the fact that although the width of the constric-
tion changes continuously, the number of sub-bands or
transverse modes (M) changes in discrete steps. This
discreteness is not evident if the constriction is several
thousands of wavelengths wide, since then a very small
fractional change in W changes M by many integers.
5. Persistent current
The physics of small conducting rings provides an ex-
cellent testing ground for many ideas of fundamental
physics. In thermodynamic equilibrium, a small metallic
ring threaded by an AB flux φ supports a current that
does not decay dissipatively even at non-zero tempera-
ture. It is the well-known phenomenon of persistent cur-
rent in mesoscopic normal metal rings. This is a purely
quantum mechanical effect and gives a lucid exposition of
the AB effect15. The possibility of persistent current was
predicted in the very early days of quantum mechanics
by Hund16, but their experimental evidences came much
later only after realization of the mesoscopic systems. In
1983, Bu¨ttiker et al.17 predicted theoretically that persis-
tent current can exist in mesoscopic normal metal rings
threaded by a magnetic flux even in the presence of impu-
rity. This quantum phenomenon has been verified exper-
imentally in a pioneering work of Levy et al.18 and later
the existence of persistent current has been further con-
firmed by several other nice experiments19–25. Though
much efforts have been paid to study persistent current
both experimentally18–25 as well as theoretically26–51, yet
several anomalies still exist between the theory and ex-
periment, and the full knowledge about it in this scale is
not well rooted even today. One of the important contro-
versies is related to the concrete prediction of persistent
current amplitudes in mesoscopic rings. The results of
the single loop experiments are somewhat different from
3those for the ensemble of isolated loops. Levy et al.18
found oscillations with period φ0/2 rather than φ0 in
an ensemble of 107 independent Cu rings. Similar φ0/2
oscillations were also reported for an ensemble of dis-
connected 105 Ag rings19 as well as for an array of 105
isolated GaAs-AlGaAs rings20. In a recent experiment,
Jariwala et al.21 obtained both φ0 and φ0/2 periodic per-
sistent currents in an array of thirty diffusive mesoscopic
Au rings. Persistent currents with expected φ0 periodic-
ity have been observed in isolated single Au rings22 and
in a GaAs-AlGaAs ring23. Except for the case of nearly
ballistic GaAs-AlGaAs ring23, all the measured currents
are in general one or two orders of magnitude larger than
those expected from the theory.
Free electron theory predicts that at absolute zero tem-
perature (T = 0K), an ordered one-dimensional (1D)
metallic ring threaded by a magnetic flux φ supports per-
sistent current with maximum amplitude I0 = evF /L,
where vF is the Fermi velocity and L is the circumfer-
ence of the ring. Metals are intrinsically disordered which
tends to decrease persistent current, and the calculations
show that the disorder-averaged current 〈I〉 crucially de-
pends on the choice of the ensemble28–30. The magnitude
of the current 〈I2〉1/2 is however insensitive to averaging
issues, and is of the order of I0l/L, l being the elastic
mean free path of electrons. This expression remains
valid even if one takes into account the finite width of
the ring by adding contributions from transverse chan-
nels, since disorder leads to a compensation between the
channels28,29. However, the measurements on an ensem-
ble of 107 Cu rings18 reported a diamagnetic persistent
current of average amplitude 3 × 10−3 evF /L with half
a flux-quantum periodicity. Such φ0/2 oscillations with
diamagnetic response were also found in other persistent
current experiments consisting of ensemble of isolated
rings19,20.
Measurements on single isolated mesoscopic rings on
the other hand detected φ0-periodic persistent currents
with amplitudes of the order of I0 ∼ evF /L, (closed to
the value for an ordered ring). Theory and experiment23
seem to agree only when disorder is weak. In another re-
cent experiment Bluhm et al.24 have measured magnetic
response of 33 individual cold mesoscopic gold rings, one
ring at a time, using a scanning SQUID technique. They
have measured h/e component and anticipated that the
measured current amplitude agrees quite well with the-
ory27 in a single ballistic ring23 and an ensemble of 16
nearly ballistic rings52. However, the amplitudes of the
currents in single-isolated-diffusive gold rings22 were two
orders of magnitude larger than the theoretical estimates.
This discrepancy instituted intense theoretical activity,
and it is generally believed that the electron-electron cor-
relation plays an important role in the disordered diffu-
sive rings37,53,54. An explanation based on the pertur-
bative calculation in presence of interaction and disorder
has been proposed and it seems to give a quantitative
estimate closer to the experimental results, but still it is
less than the measured currents by an order of magni-
tude, and the interaction parameter used in the theory
is not well understood physically.
The other paramount debate arises in determining the
sign of low-field currents and still it is an unresolved issue
between theoretical and experimental results. In an ex-
periment Levy et al.18 have shown diamagnetic nature of
the measured currents at low-field limit. Jariwala et al.21
have predicted diamagnetic persistent current in their ex-
periment and similar diamagnetic response in the vicinity
of zero-field limit were also supported in an experiment
done by Deblock19 et al. on Ag rings. In other exper-
iment Chandrasekhar et al.22 have obtained paramag-
netic response near zero-field limit. Yu and Fowler55 have
shown both diamagnetic and paramagnetic responses in
mesoscopic Hubbard rings. Though in a theoretical work
Cheung et al.28 have revealed that the direction of cur-
rent is random depending on total number of electrons in
the system and the specific realization of random poten-
tials. Hence, prediction of the sign of low-field currents is
still an open challenge and further studies on persistent
current in mesoscopic systems are needed to remove the
existing controversies.
The main motivation of the present review is to ad-
dress some important aspects of persistent current and
low-field magnetic susceptibility in single-channel meso-
scopic rings and multi-channel cylinders which are quite
challenging from the standpoint of theoretical as well as
experimental research. A brief layout of the presentation
is as follows.
Following a short description of some extraordinary
mesoscopic phenomena (Section I), in Section II we study
the phenomenon of persistent current in ordered and dis-
ordered rings within a non-interacting electron picture.
The effects of electron-electron interaction on persistent
current are explored in Section III. In Section IV, we
show that the contributions of higher order hopping in-
tegrals are quite important for the enhancement of per-
sistent current in disordered mesoscopic rings. The sign
of persistent current in the limit φ → 0, determined by
calculating magnetic susceptibility, and its temperature
dependence are analyzed in Section V. Finally, we con-
clude in Section VI.
Throughout the review we choose c = e = h = 1 for
numerical calculations.
II. PERSISTENT CURRENT IN
NON-INTERACTING SINGLE-CHANNEL AND
MULTI-CHANNEL MESOSCOPIC RINGS
Our aim of this section is to inspect the behavior of per-
sistent current in some small non-superconducting loops
threaded by a magnetic flux φ. A conducting ring, pen-
etrated by a magnetic flux φ, carries an equilibrium cur-
rent in its ground state that persists (does not decay) in
time. An electrically charged particle moving around the
ring but not entering the region of magnetic flux, feels
no (classical) force during its motion. However, the mag-
4netic vector potential ~A, associated with magnetic field
~B through the relation ~B = ~▽× ~A, affects the quantum
state of the particle by changing the phase of its wave
function. As a consequence, both thermodynamic and
kinetic properties oscillate with flux φ. Here, we present
some analytical and numerical results to study the char-
acteristic properties of persistent current I in mesoscopic
rings as functions of AB flux φ, system size L, total num-
ber of electrons Ne, chemical potential µ and disorder
strength W .
A. General formulation of persistent current
In this sub-section we illustrate the theoretical formu-
lation of persistent current appears in a metallic ring in
presence of an AB flux φ. Let us begin with the model
Φ
FIG. 1: (Color online). One-dimensional ring threaded by an
AB flux φ. Filled circles correspond to the positions of the
atomic sites. A persistent current I is established in the ring.
quantum system given in Fig. 1. The electric field E asso-
ciated with magnetic field B in the ring can be expressed
through the relation (Faraday’s law),
~▽× ~E = −1
c
∂ ~B
∂t
. (2)
This relation enables us to determine the electric field E
from the following expressions:
∮
S
(~▽×~E). ~dS = −1
c
∮
S
∂ ~B
∂t
. ~dS = −1
c
∂
∂t
∮
S
~B. ~dS = −1
c
∂φ
∂t
(3)
where, S is the area enclosed by the ring. From Stoke’s
theorem we get,
∮
loop
~E .~dl = −1
c
∂φ
∂t
(4)
and thus the electric field can be written in terms of the
time variation of magnetic flux φ as,
E = − 1
2πrc
∂φ
∂t
(5)
where r is the radius of the ring. Therefore, the force
experienced by an electron in the ring becomes,
F = − e
2πrc
∂φ
∂t
(6)
and the change in energy or work done for a small dis-
placement △s is,
△E = △W = ~F . ~△s = − e
2πrc
△φ
△t△s = −
e
2πrc
△φ
(△s
△t
)
.
(7)
The velocity of the electron in the ring is thus written as,
v =
△s
△t = −
2πrc
e
(△E
△φ
)
(8)
and accordingly, the persistent current developed in the
ring gets the form,
I = ef =
ev
2πr
= −c
(△E
△φ
)
. (9)
This is the most general expression of persistent current
in a loop geometry threaded by an AB flux φ and it shows
that the current can be obtained by taking the first order
derivative of energy with respect to flux φ.
B. Non-interacting one-channel rings
This sub-section focuses attention on the behavior of
persistent current in one-channel rings56 where the ring
are described by a simple non-interacting tight-binding
(TB) framework. The TB Hamiltonian for a N -site ring
threaded by a magnetic flux φ (measured in unit of the
elementary flux quantum φ0 = ch/e) reads,
H =
∑
i
ǫic
†
ici +
∑
<ij>
t
[
eiθc†icj + e
−iθc†jci
]
(10)
where, c†i (ci) corresponds to the creation (annihilation)
operator of an electron at the site i, t gives the nearest-
neighbor hopping integral, ǫi is the on-site energy and
θ = 2πφ/N is the phase factor due to the flux φ threaded
by the ring. The magnetic flux φ enters explicitly into
the above Hamiltonian (Eq. 10), and the wave functions
satisfy the periodic boundary condition which is equiva-
lent to consider the above Hamiltonian at zero flux with
the flux-modified boundary conditions:
ψ|x=L = exp
[
2πiφ
φ0
]
ψ|x=0
dψ
dx
∣∣∣∣
x=L
= exp
[
2πiφ
φ0
]
dψ
dx
∣∣∣∣
x=0
. (11)
Here, x varies between 0 to L and is expressed as x =
Lθ′/2π, where θ′ is the azimuthal angle, the spatial de-
grees of freedom of an electron in the ring.
1. Impurity free rings
In order to reveal the basic properties of persistent
current, let us start our discussion with the energy band
5structure of a simplest possible system which is the case
of impurity free non-interacting electron model.
Energy spectra: For a perfect ring, setting ǫi = 0 we get
the energy of nth eigenstate as,
En(φ) = 2t cos
[
2π
N
(
n+
φ
φ0
)]
(12)
where, n = 0,±1,±2, . . .. In Fig. 2, we present energy-
flux (E-φ) characteristics of a perfect ring considering the
system size N = 10. It shows that the energy levels vary
periodically with φ providing φ0 flux-quantum periodic-
ity. At an integer or half-integer flux quantum, each of
-2 -1 0 1 2
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FIG. 2: Energy levels as a function of flux φ for a one-
dimensional impurity-free ring when N is set at 10.
the energy levels has an extremum i.e., either a maximum
or a minimum, and therefore, at these values of φ cur-
rent should disappear. Below, we discuss the current-flux
(I-φ) characteristics for two different cases. In one case
we take the rings with fixed number of electrons Ne, and
in the other case the rings have some constant chemical
potential µ.
Persistent current: rings with fixed Ne: The current car-
ried by the nth energy eigenstate, whose energy is given
by Eq. 12, can be obtained through the relation,
In(φ) =
(
4πt
Nφ0
)
sin
[
2π
N
(
n+
φ
φ0
)]
. (13)
At absolute zero temperature (T = 0K), total persistent
current is determined by taking the sum of individual
contributions from the lowest Ne energy levels. The vari-
ation of persistent current as a function of flux φ is pre-
sented in Fig. 3, where (a) corresponds to the ring with
odd Ne, while the results for even Ne are shown in (b).
From the spectra we observe that the current exhibits
a saw-tooth like behavior with sharp transitions at half-
integer and integer flux quanta for the rings having odd
and even Ne, respectively. For all these cases, current
varies periodically with φ providing φ0 periodicity.
Persistent current: rings with fixed µ: When the rings
are characterized with fixed chemical potential µ, instead
ofNe, total current at T = 0K will be obtained by adding
all individual contributions from the energy levels hav-
ing energies less than or equal to µ. As the chemical
potential is fixed, total number of electrons varies as a
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FIG. 3: Current-flux characteristics for an ordered one-
channel mesoscopic ring when N is fixed at 50. The solid,
dotted and dashed curves in (a) correspond to Ne = 9, 15
and 23, respectively, while in (b) they represent Ne = 8, 14
and 22, respectively.
function of AB flux φ except for some typical choices
of µ, where the rings contain fixed number of electrons.
In Fig. 4, we illustrate current-flux characteristics for a
single-channel mesoscopic ring, described with constant
µ, when the ring is free from impurities. Here we set
N = 100. Several kink-like structure appears at different
values of flux φ, associated with the choice of µ which is
clearly observed from the I-φ spectra (Fig. 4). All these
currents oscillate with φ exhibiting φ0 periodicity.
2. Rings with impurity
Metals are intrinsically disordered which tends to de-
crease persistent current due to the localization effect57
of energy eigenstates. To address the role of impuri-
ties on persistent current now we analyze the behavior
of current-flux characteristics together with energy band
structure of some typical mesoscopic rings in presence of
disorder.
Energy spectra: In presence of impurity in a ring, finite
gaps open between the energy levels at the points of inter-
section, like as energy gaps generated in the band struc-
ture problem. All these energy levels vary continuously
6with flux φ and no crossing between the neighboring lev-
els takes place through the energy band window. In Fig. 5
we present the energy band structure of a single-channel
ring in presence of diagonal disorder setting N = 10.
The impurities in the ring are introduced by selecting
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FIG. 4: Persistent current as a function of φ for a ordered
mesoscopic ring, where (a) µ = −1 and (b) µ = −1.25. Here
we fix N = 100.
the on-site energies, ǫi, randomly from a “Box” distribu-
tion function of widthW = 1. In presence of impurity all
-2 -1 0 1 2
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FIG. 5: Electron energy levels as a function of the flux φ for
a one-channel ring (N = 10) in the presence of impurity with
strength W = 1.
the degeneracies get removed and energy levels oscillates
continuously, without exhibiting any crossing, result a
smooth variation of persistent current which can be fol-
lowed from the forthcoming sub-sections.
Persistent current: rings with constant Ne: The charac-
teristic behavior of persistent current in presence of dis-
order is illustrated in Fig. 6 where we set the disorder
strength W = 1. The results are shown for a 50-site
single-channel ring, where (a) corresponds to the results
for odd Ne and the results for even Ne are given in (b).
From the spectra it is observed that the current varies
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FIG. 6: Persistent current as a function of flux φ for a dis-
ordered ring described with constant Ne. The solid, dotted
and dashed line in (a) correspond to Ne = 9, 15 and 23, re-
spectively, while in (b) they represent Ne = 8, 14 and 22,
respectively. Here we set N = 50 and W = 1.
continuously as a function of φ with much reduced am-
plitude compared to the impurity-free case (see Fig. 3).
The smooth variation of persistent current is clearly fol-
lowed from the energy band spectrum since energy levels
become continuous as long as the impurities are intro-
duced in the ring. On the other hand, the suppression
of current amplitudes is solely due to the localization ef-
fect of the energy eigenstates in the presence of impurity.
Here all these results are described for some typical dis-
ordered configurations, and in fact, we examine that the
qualitative behavior of the persistent currents does not
depend on the specific realization of disordered config-
urations. This is a generic feature of persistent current
for any one-channel non-interacting rings in presence of
impurity those are described with constant Ne.
Persistent current: rings with constant µ: The situation
is somewhat interesting when we fix µ instead of Ne to
characterize persistent current in a disordered mesoscopic
ring. As representative example, in Fig. 7 we present the
results for a disordered ring, where we fix µ = −1 in
(a) and in (b) µ is set equal to −1.5. Interestingly, it
is observed that depending on the choice of µ persistent
current can exhibits a continuous-like or a kink-like vari-
7ation with flux φ. In all these cases current oscillates
periodically with φ showing φ0 flux-quantum periodicity.
C. Non-interacting multi-channel rings
In this sub-section we focus our attention on magneto-
transport of non-interacting electrons in multi-channel
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FIG. 7: Persistent current as a function of flux φ for a disor-
dered ring, where (a) µ = −1 and (b) µ = −1.25. The ring
size and impurity strength are the same as in Fig. 6.
mesoscopic rings56 studied within a simple one-band
tight-binding Hamiltonian. A schematic view of such a
Φ
FIG. 8: (Color online). Schematic view of a multi-channel
cylinder threaded by a magnetic flux φ. Filled circles corre-
spond to the atomic sites in the cylinder.
multi-channel ring geometry threaded by an AB flux φ
is shown in Fig. 8. Considering the lattice spacing both
in the longitudinal and transverse directions are identi-
cal i.e., the surface of the cylinder forms a square lattice,
we can write the Hamiltonian of the system by the TB
formulation as,
H =
∑
x
ǫxc
†
xcx+
∑
<xx′>
[
txx′e
iθxx′ c†xcx′ + txx′e
−iθxx′ c†x′cx
]
(14)
where, ǫx is the on-site energy of the lattice point x of co-
ordinate, say, (i, j). txx′ is the hopping strength between
the lattice points x and x′ and θxx′ is the phase factor ac-
quired by an electron due to the longitudinal hopping in
presence of AB flux φ. The study of persistent currents in
such multi-channel systems becomes much more relevant
compared to strictly one-dimensional rings (see Fig. 1),
where we get only one channel that carries current, since
most of the conventional experiments are performed in
rings with finite width. Here, we will describe the char-
acteristic properties of persistent current together with
energy band spectrum for some non-interacting multi-
channel rings concerning the dependence of the current
on total number of electrons Ne, chemical potential µ,
strength of disorder W and number of channels.
1. Energy band structure
To elucidate the nature of persistent current in meso-
scopic multi-channel systems, let us first describe the
energy-flux characteristics of a small cylindrical system
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FIG. 9: Energy levels as a function of magnetic flux φ, for
(a) a perfect ring (one layer) with N = 10 and (b) a perfect
cylinder having two identical rings taking N = 10 in each of
these two rings.
that threads a magnetic flux φ. In order to have a deeper
insight to the problem we begin our discussion with the
simplest possible system which can be calculated analyti-
cally. This is the case of a two-layer impurity free cylinder
threaded by a magnetic flux φ. This cylindrical system
can be treated as two one-channel rings placed one above
the other and they are connected by some vertical bonds
8(like as in Fig. 8). For a strictly one-dimensional ring i.e.,
for one layer the energy of nth eigenstate is expressed
in the form En(φ) = 2t cos
[
2π
N
(
n+ φφ0
)]
(see Eq. 12),
where n = 0, ±1, ±2, . . .. Here t is the nearest-neighbor
hopping strength and N is the total number of lattice
points in the ring. The behavior of such energy levels
is shown in Fig. 9(a), where we choose N = 10. This
spectrum indicates that the energy levels are bounded
within the range −2 to 2 in the scale of t and the cross-
ing of the energy levels (flux points where energy levels
have degeneracy) occurs at half-integer or integer multi-
ples of φ0. Now as we add another ring with the previous
one-dimensional ring and connect it by N vertical bonds
it becomes a regular cylinder with two identical layers.
For such a system, two different energy bands of dis-
crete energy levels are obtained, each of which contains
N number of energy levels and they are respectively ex-
pressed in the form, E1n(φ) = −t+ 2t cos
[
2π
N
(
n+ φφ0
)]
and E2n(φ) = −t+2t cos
[
2π
N
(
n+ φφ0
)]
, where the sym-
bol n corresponds to the same meaning as above and t is
the nearest-neighbor hopping strength which is identical
both for the longitudinal and transverse directions. In
Fig. 9(b), we show the energy levels of a small impurity-
free cylinder considering N = 10, where the solid and
dotted line represent the energy levels in two separate
energy bands, respectively. These two different energy
bands are bounded respectively in the range −1 to 3 and
−3 to 1 in the scale of t. Accordingly, an overlap en-
ergy region appears for these two energy bands within
the range −1 to 1, as shown in Fig. 9(b). In this overlap
region, energy levels cross each other at several other flux
points in addition to the half-integer and integer multi-
ples of φ0 which result different characteristic features
of persistent current. For cylinders with more than two
layers, we get more energy bands like above and there-
fore several other overlap energy regions appear in energy
band spectrum.
In presence of impurity in multi-channel cylinders,
gaps open at crossing points of energy levels and they
provide a continuous-like variation with AB flux φ, simi-
lar to the case of conventional one-dimensional rings with
impurities (Fig. 5). In all these perfect and disordered
multi-channel cylinders, energy levels vary periodically
with period φ0.
Below, we will investigate the behavior of persistent
current in small cylindrical systems and we believe that
the results might be quite helpful to explain characteristic
properties of persistent current in larger system sizes,
even in more complex geometries.
2. Persistent current
Perfect cylinders: Here we describe the phenomenon of
persistent current for some impurity-free multi-channel
systems of cylindrical geometry containing two layers
concerning the dependence of current on total number
of electrons Ne and chemical potential µ. As illustrative
example, in Fig. 10 we show the variation of persistent
current as a function of AB flux φ for an ordered cylin-
der taking N = 100 in each of these two layers. The
first column corresponds to the case where the cylinder
is characterized with constant Ne, while the second col-
umn represents the results where we fix µ instead of Ne.
To reveal the effect of energy overlap region on persis-
tent current here we present our results for three differ-
ent values of Ne. Figures 10(a) and (c) correspond to
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FIG. 10: Persistent current as a function of AB flux φ for
an ordered mesoscopic cylinder with two layers in which each
layer contains 100 atomic sites. The first column corresponds
to the results for constant Ne, where (a) Ne = 25, (b) Ne =
100 and (c) Ne = 185, while the second column describes the
results for fixed µ, where (d) µ = 0, (e) µ = −0.5 and (f)
µ = −1.5.
the currents when Ne = 25 (low) and Ne = 185 (high),
respectively, while the current for the intermediate value
of Ne (Ne = 100) is shown in Fig. 10(b). Both for the
low and high values of Ne, we notice that the current gets
saw-tooth like nature with sharp transitions only at half-
integer multiples of φ0, similar to that of conventional
one-channel impurity-free rings with odd Ne (Fig. 3(a)).
This feature can be explained as follows. When Ne is set
at 25, the net current is available by taking the contri-
butions from lowest 25 energy levels those lie well below
the energy overlap region. Now, away from this overlap
region, the energy levels behave exactly the same way
with perfectly single-channel rings, which results a sim-
9ilar kind of saw-tooth shape as obtained in one-channel
rings. On the other hand, when the filling factor Ne
is fixed at 185 the situation is somewhat different than
the earlier one. To obtain net current for this case we
cross the overlap energy region since the highest energy
level that contributes current lies far above this over-
lap region and the net contribution to the current from
the energy levels within this overlap region vanishes and
therefore no new feature appears in persistent current
compared to the system with Ne = 25. Finally, we see
that for the intermediate value of Ne (Ne = 100) per-
sistent current gives some additional kink-like structures
across φ = ±0.5. These kinks are due to the different con-
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FIG. 11: Current-flux characteristics for the disordered (W =
1) cylinders with two layers taking N = 100 in each layer.
The results for the fixed Ne are plotted in the first column,
where (a) Ne = 50 and (b) Ne = 100, while the results for the
constant µ are plotted in the second column, where (c) µ = 0
and (d) µ = −0.5.
tributions of energy levels in the overlap energy region,
since in this region energy levels have more degeneracies
at different flux points in addition to the half-integer and
integer multiples of φ0. For other multi-channel systems
with more than two layers, additional kinks may appear
in persistent current at different values of φ depending
on the choice of Ne and number of layers.
In this cylindrical system where we fix chemical poten-
tial µ instead Ne, different kink-like structures in persis-
tent current are also appeared as visible from our results
shown in the second column of Fig. 10. All these cases
current exhibits φ0 flux-quantum periodicity.
Disordered cylinders: At the end of this sub-section, we
describe the effect of impurities on persistent current in
a multi-channel system. The results shown in Fig. 11
and they are computed for the same system size as taken
above. The impurities are introduced by selecting the
site energies (ǫx) randomly from a “Box” distribution
function of width W = 1. All these numerical results
are performed for different isolated disordered configura-
tions. The results for constant Ne are shown in the first
column, while in the second column the results for fixed µ
are presented. In all these cases persistent current varies
continuously, without providing any kink-like structure,
as a function of flux φ exhibiting φ0 flux-quantum period-
icity. Another significant point observed from Figs. 11(a)
and (b) is that the slope of the current in zero-field limit
(φ → 0) changes in opposite direction though in these
two cases the cylinder contains even number of electrons.
This emphasizes the signature of random sign of low-field
currents in multi-channel systems. The detailed descrip-
tion of low-field magnetic response will be available in
Section V .
Thus we can summarize that the behavior of persis-
tent current in multi-channel systems strongly depends
on total number of electrons Ne, chemical potential µ,
total number of channels and disordered configurations.
III. EFFECT OF ELECTRON-ELECTRON
CORRELATION ON PERSISTENT CURRENT IN
ONE-CHANNEL RINGS
The phenomenon of persistent current in small con-
ducting ring threaded by a magnetic flux φ was predicted
in the pioneering work of Bu¨ttiker, Imry and Landauer17,
and since then it has been discussed in several theoreti-
cal papers26–38. Although this phenomenon is thought to
be qualitatively understood within the framework of one-
electron picture27–36, but it fails to explain many exper-
imental results18–23. A typical example of such discrep-
ancy between theory and experiment is that the ampli-
tudes of measured persistent currents are orders of mag-
nitude larger than theoretical predictions. It is generally
believed that electron-electron correlation and disorder
have major role on the enhancement of persistent current,
but no consensus has yet been reached. Another impor-
tant controversial issue is that, experimentally both φ0
and φ0/2 periodicities have been observed and it is also
found that the φ0/2 oscillations near zero magnetic flux
exhibit diamagnetic response. The explanation of these
results in terms of the ensemble averaged persistent cur-
rents is also quite intriguing, and the calculations show
that the disordered averaged current crucially depends on
the choice of the ensemble27,29. The explanation of ex-
perimental results become even much more illusive since
recently Kravtsov et al.58 have shown that additional cur-
rents may be generated in rings by other mechanisms
which are not experimentally distinguishable from the
persistent current.
A. Impurity free rings
To emphasize the precise role of electron-electron cor-
relation, in this sub-section we focus on the exact calcu-
lation of persistent current and Drude weight in perfect
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one-dimensional Hubbard rings59 threaded by a magnetic
flux φ. Our study reveals that, certain aspects of the
many-body effects on persistent current have not been
investigated in the literature clearly, and here we will
show that the Hubbard correlation leads to many signifi-
cant effects. We restrict ourselves to small Hubbard rings
and these results might also be helpful to understand the
physical properties of TTF-TCMQ conductors, various
aromatic molecules and systems of connected quantum
dots55. With the new advancements of the nanoscience
and technology, it is now possible quite simply to fabri-
cate such small rings, and in a recent experiment Keyser
et al.60 reported the evidence of anomalous Aharonov-
Bohm oscillations from the transport measurements on
small quantum rings with less than ten electrons. The
electron-electron interaction becomes much more impor-
tant in these small rings with very few number of elec-
trons since the Coulomb potential is not screened much,
and we will show that the electron-electron interaction
provides similar anomalous oscillations in persistent cur-
rent as a function of magnetic flux φ.
We use the Hubbard model to represent the system
which for a N -site ring enclosing a magnetic flux φ can
be written in this form,
H = t
∑
σ
N∑
i=1
[
eiθc†i,σci+1,σ + e
−iθc†i+1,σci,σ
]
+ U
N∑
i=1
ni↑ni↓ (15)
where c†iσ (ciσ) is the creation (annihilation) operator
and niσ is the number operator for an electron in the
Wannier state |iσ >. The parameters t and U are the
nearest-neighbor hopping integral and the strength of the
Hubbard correlation, respectively. The phase factor θ =
2πφ/N appears due to the flux φ threaded by the ring.
Throughout this sub-section we set t = −1.
1. Persistent current and energy band structure
At absolute zero temperature (T = 0K), persistent cur-
rent in a ring threaded by a magnetic flux φ is obtained
through the expression28,
I(φ) = −∂E0(φ)
∂φ
(16)
where, E0(φ) is the ground state energy. We determine
this quantity exactly to understand unambiguously the
role of electron-electron interaction on persistent current,
and this is obtained by exact numerical diagonalization
of the many-body Hamiltonian (Eq. 15).
Rings with two opposite spin electrons: To have a
deeper insight to the problem, we first consider two elec-
tron systems and begin our study with the simplest possi-
ble system which can be treated analytically up to certain
TABLE I: Eigenvalues (λ) and eigenstates of two opposite
spin electrons for N=3.
Total U = 0
spin S λ Degeneracy Eigenstate
−4 1
(
− 1√
2
,− 1√
2
,− 1√
2
,−1,−1, 1
)
−1 2 (0,√2,−√2, 1, 0, 1)(−√2, 0,√2,−1, 1, 0)
0 2 3
(
1√
2
, 0, 1√
2
, 0, 0, 1
)
(
0,− 1√
2
,− 1√
2
, 0, 1, 0
)
(
− 1√
2
,− 1√
2
, 0, 1, 0, 0
)
−1 2 (1, 0, 1)
1 (−1, 1, 0)
2 1 (−1,−1, 1)
Total U = 2
spin S λ Degeneracy Eigenstate
−2√3 1 (a, a, a,−1,−1, 1)
0 2
(
0, 1√
2
,− 1√
2
, 1, 0, 1
)
(
− 1√
2
, 0, 1√
2
,−1, 1, 0
)
0 3 2
(
0,−√2,√2, 1, 0, 1)(√
2, 0,−√2,−1, 1, 0)
2
√
3 1 (b, b, b,−1,−1, 1)
−1 2 (1, 0, 1)
1 (−1, 1, 0)
2 1 (−1,−1, 1)
level. This is the case of a three-site ring with two oppo-
site spin (↑, ↓) electrons. The total Hamiltonian of this
system becomes a (9×9) matrix which can be block diag-
onalized to two sub-matrices by proper choice of the basis
states. The orders of the two sub-matrices are (6×6) and
(3× 3), respectively. This can be achieved by construct-
ing the basis states for each sub-space with a particular
value of the total spin S. The basis set (A) for the six-
dimensional sub-space, spanned for S = 0, is chosen as:
A ≡


| ↑↓, 0, 0 >
|0, ↑↓, 0 >
|0, 0, ↑↓>
1√
2
(| ↑, ↓, 0 > −| ↓, ↑, 0 >)
1√
2
(|0, ↑, ↓> −|0, ↓, ↑>)
1√
2
(| ↓, 0, ↑> −| ↑, 0, ↓>)


S = 0
On the other hand, the other basis set (B) for the three-
dimensional sub-space, spanned for S = 1, is chosen as:
B ≡


1√
2
(| ↑, ↓, 0 > +| ↓, ↑, 0 >)
1√
2
(|0, ↑, ↓> +|0, ↓, ↑>)
1√
2
(| ↑, 0, ↓> +| ↓, 0, ↑>)


S = 1
In absence of any magnetic field, we list the energy eigen-
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values, eigenstates, and the degeneracy of the levels of
this system in Table I for U = 0 and U = 2. In this ta-
ble we set a = −√2/ (1 +√3) and b = √2/ (−1 +√3).
Both for U = 0 and U 6= 0 cases, the two-fold degen-
eracy gets lifted in the presence of magnetic flux φ. It
is apparent from this table that the eigenvalues, eigen-
states and also the degeneracy of the energy levels are
not affected by the correlation in the three-dimensional
sub-space. This is due to the fact that the basis set B
does not involve any doubly occupied state but this is
not true in the other sub-space. The insertion of the
magnetic flux does not alter the above structure of the
Hamiltonian though it becomes now field dependent.
In Fig. 12(a), we show some of the low-lying energy lev-
els E(φ)’s as a function of magnetic flux φ of this three-
site ring in absence of any electron correlation (U = 0),
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FIG. 12: E-φ and I-φ characteristics of the following two
opposite spin (↑, ↓) electron systems: (i) N = 3, U = 0 in (a)
& (b); (ii) N = 3, U = 2 in (c) & (d); and (iii) N = 25, U = 3
in (e) & (f).
and the corresponding I(φ) versus φ curve is plotted in
Fig. 12(b). The E-φ and I-φ curves for U = 2 case
are given in Figs. 12(c) and (d), respectively. The dot-
ted curves in Figs. 12(a) and (c) correspond to the U -
independent energy levels as mentioned above. Quite in-
terestingly, from Fig. 12(c) we see that even in presence
of interaction, one of the U -independent energy levels be-
comes the ground state energy level in certain intervals
of φ (e.g., around φ = ±0.5). In other regions of φ, the
ground state energy increases due to the correlation and
the E0-φ curves become much shallow, as expected. As
a result, the usual saw-tooth shape of current-flux char-
acteristics for U = 0 changes drastically as plotted in
Fig. 12(d) and the role of e-e correlation is quite complex
rather than a simple suppression of persistent current
as predicted earlier. A sudden change in the direction
and magnitude of persistent current occurs, solely due
to the correlation, around φ = ±0.5 and it forms kink-
like structures in the current, as illustrated in Fig. 12(d).
The kinks get wider with increasing the strength of U ,
and the most significant result is that the current remains
invariant inside the kinks irrespective of the correlation
strength. It is notice seen that, the correlation does not
affect φ0 flux periodicity of persistent current.
From this above background we can investigate the role
of electronic correlation on persistent current in meso-
scopic rings with larger sizes. In Figs. 12(e) and (f),
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FIG. 13: E-φ and I-φ characteristics of the following three
(↑, ↑, ↓) electron systems: (i) N = 3, U = 3 in (a) & (b); (ii)
N = 10, U = 3 in (c) & (d); and (iii) N = 10, U = 15 in (e)
& (f).
we display E-φ and I-φ characteristics for the ring con-
taining two opposite spin electrons with N = 25 and
U = 2, respectively. These figures resemble Figs. 12(c)
and (d), respectively, and it implies that correlation plays
the same role in both the cases. Therefore, we can pre-
cisely conclude that away from half-filling, a ring consist-
ing of two opposite spin electrons always exhibits kinks
in persistent current for any non-zero value of U .
Rings with two up and one down spin electrons: Now
we consider rings with two up and one down spin elec-
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trons as illustrative examples of three spin electron sys-
tems. We plot the E-φ and I-φ curves for the half-filled
band case (N = 3 and n = 3, where n denotes the number
of electrons) with U = 3 in Figs. 13(a) and (b), respec-
tively. We find that the correlation just diminishes the
magnitude of the current compared to that of the non-
interacting case. In Figs. 13(c) and (d), we respectively
plot the E-φ and I-φ curves of a non-half-filled ring with
N = 10 and U = 3, while Figs. 13(e) and (f) are these
curves for the U = 15 case. The behavior of persistent
current as a function of flux φ are quite different at low
and high values of U . From Fig. 13(c), it is evident that
for the low value of U all U -independent energy levels
(dotted curves) always lie above the ground state energy
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FIG. 14: E-φ and I-φ characteristics of the following four
(↑, ↑, ↓, ↓) electron systems: (i) N = 4, U = 2 in (a) & (b);
(ii) N = 6, U = 0 in (c) & (d); and (iii) N = 6, U = 6 in (e)
& (f).
of the system, and Fig. 13(d) shows that apart from a
reduction of persistent current the I-φ curve looks very
similar to that of a ring without any interaction. On the
other hand, from Fig. 13(e) it is observed that for the
high value of U one of the U -independent energy levels
becomes the ground state energy in certain intervals of
φ (e.g., around φ = 0) and this produces kinks in the
I-φ characteristics as depicted in Fig. 13(f). Certainly
there exists a critical value Uc of the correlation above
which the kinks appear in the I-φ characteristics. These
features of the energy spectra and persistent currents are
the characteristics of any non-half-filled ring with two up
and one down spin interacting electrons. Here we note
that the half-filled rings exhibit φ0/2 periodic currents,
while the non-half-filled rings have φ0 periodicity.
Rings with two up and two down spin electrons: Next
we consider rings with two up and two down spin elec-
trons as representative examples of four electron system.
Let us first describe the half-filled band case i.e., N = 4
and n = 4. In absence of any electron correlation, sharp
discontinuity appears in persistent current at certain val-
ues of φ. However, the effect of the correlation is quite
dramatic and it makes the current a continuous function
of the flux as given in Fig. 14(b). This is a quite fas-
cinating result since the correlation drastically changes
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FIG. 15: E-φ and I-φ characteristics of the following five
(↑, ↑, ↑, ↓, ↓) electron systems: (i) N = 5, U = 2 in (a) & (b);
(ii) N = 6, U = 2 in (c) & (d); and (iii) N = 6, U = 120 in
(e) & (f).
the analytic behavior of I(φ), and here we will observe
that this result also holds true for the other half-filled
systems with even number of electrons. Away from the
half-filling we study an interesting typical case of a six-
site ring with two up and two down spin electrons. This
can be considered as a doubly ionized benzene-like ring,
a system with the promise of experimental verification of
our predictions. Figures 14(c) and (d) show E-φ and I-φ
characteristics with U = 0, respectively, while Figs. 14(e)
and (f) are those plots with U = 6. It is observed from
Fig. 14(f) that the kinks appear in the I-φ curve (e.g.,
around φ = 0) for any non-zero value of U . Here we
interestingly note that the kinks are now due to the U -
dependent eigenstates. Both the half-filled and non-half-
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filled rings exhibit φ0 periodic currents.
Rings with three up and two down spin electrons: For
specific cases of five electron systems we investigate rings
with three up and two down spin electrons. In Figs. 15(a)
and (b), we plot the E-φ and I-φ curves, respectively
for the non-half-filled ring (N = 5 and n = 5). The
magnitude of the current is just diminished due to e-e
electron correlation and we find φ0/2 periodicity. As a
non-half-filled five electron case, here we take a singly
ionized benzene-like ring (N = 6 and n = 5) and deter-
mine the persistent current both for low and high values
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FIG. 16: E-φ and I-φ characteristics of the following six (↑
, ↑, ↑, ↓, ↓, ↓) electron systems: (i) N = 6, U = 2 in (a) & (b)
and (ii) N = 7, U = 2 in (c) & (d).
of U . In Figs. 15(c) and (d), we respectively draw the
E-φ and I-φ curves considering the correlation strength
U = 2, while these diagrams are plotted in Figs. 15(e)
and (f) with U = 120. From Figs. 15(d) and (f), it is
clear that like three electron rings kinks appear in persis-
tent current only after a critical value of U . This result
emphasizes that the characteristic features of persistent
current in mesoscopic Hubbard rings with odd number
of electrons are almost invariant.
Rings with three up and three down spin electrons: Fi-
nally, we take six electron systems and study the nature
of persistent current in rings with three up and three
down spin electrons. At half-filling (a benzene-like ring
with N = 6 and n = 6), we see that the current becomes
a continuous function of flux φ as plotted in Fig. 16(b),
exactly similar to the half-filled four electron case. The
E-φ and I-φ curves for a typical non-half-filled ring with
N = 7 and n = 6 are presented in Figs. 16(c) and (d),
respectively. Here we find striking similarity in the be-
havior of persistent current with other non-half-filled sys-
tems containing even number of electrons. Therefore, it
becomes apparent that mesoscopic Hubbard rings with
even number of electrons exhibit similar characteristic
features in persistent current.
2. Drude weight
In this sub-section we investigate the response of meso-
scopic Hubbard rings to a uniform time-dependent elec-
tric field in terms of Drude weight61,62 D, a closely related
parameter that characterizes the conducting nature of a
system as originally predicted by Kohn63. The Drude
weight can be evaluated from the following expression53,
D =
N
4π2
[
∂2E0(φ)
∂φ2
]
φ=φmin
(17)
where, φmin provides the location of the minimum of en-
ergy E0(φ). A metallic phase is characterized by a finite
non-zero value of D, while it reaches to zero in an insulat-
ing phase63. We show the variation of Drude weight D as
a function of the Hubbard correlation strength U for the
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FIG. 17: Drude weight (D) versus the Hubbard correlation
strength (U) for (a) half-filled and (b) non-half-filled band
systems. The solid, dotted and dashed curves correspond to
3, 4 and 5 electron cases, respectively.
half-filled and non-half-filled rings with n = 3, 4 and 5 in
Figs. 17(a) and (b), respectively. For the non-half-filled
band cases, the number of sites corresponding to a given
value of n is taken as N = n+1, and we observe that the
other choices of N do not affect the basic characteristics
of the D-U curves. For low values of U , the half-filled
systems are in the metallic phase which is clearly evi-
dent from Fig. 17(a), and the systems become insulating
only when the correlation strength U becomes very large.
In the insulating phase ground state does not favor any
empty site, and accordingly, the situation is somewhat
analogous to Mott localization in one-dimensional infi-
nite lattices. On the other hand, Fig. 17(b) shows that
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the non-half-filled rings are always conducting irrespec-
tive of the correlation strength U .
Throughout our analysis of persistent current in one-
channel Hubbard rings without any impurity we get sev-
eral interesting new results. The main results are: the
appearance of kinks in persistent current, observation of
both the φ0 and φ0/2 periodicities in persistent current,
no singular behavior of persistent current in the half-
filled rings with even number of electrons, evidence of U -
independent eigenstates, existence of both metallic and
insulating phases, etc. We also observe discontinuities in
persistent current at non-integer values of φ0 due to the
electron correlation which crucially depends on filling of
the ring and also on the parity of the number of electrons.
This corresponds to the anomalous Aharonov-Bohm os-
cillations in persistent current with much reduced pe-
riod where periodicity is not perfect, and Keyser et al.60
experimentally observed similar anomalous Aharonov-
Bohm oscillations in conductance of a few-electron quan-
tum ring.
B. Rings with impurities
To explore the role of disorder and electron-electron
correlation on persistent current, in this sub-section, we
focus our attention on certain systems which closely re-
semble to the disordered systems where we do not re-
quire any configuration averaging64. These are chemi-
cally modulated structures possessing well-defined long-
range order and as specific examples we consider ape-
riodic and ordered binary alloy rings. We restrict our-
selves to small one-dimensional rings, as in the previous
sub-section, where persistent current can be calculated
exactly. We get many interesting new results as a conse-
quence of electron-electron interaction and disorder. One
such promising result is the enhancement of persistent
current amplitude in these systems due to the electronic
correlation. This study might also be helpful to under-
stand physical properties of benzene-like rings and other
aromatic compounds in presence of magnetic flux φ.
1. Ordered binary alloy rings
Here we investigate current-flux characteristics in an
ordered binary alloy ring (Fig. 18) at absolute zero tem-
perature (T = 0K). A simple TB Hamiltonian is used to
describe the system, and for a N -site ring it reads,
H =
∑
σ
N−1∑
i=1,3,...
(ǫAni,σ + ǫBni+1,σ)
+ t
∑
σ
N∑
i=1
(
c†i,σci+1,σe
iθ + c†i+1,σci,σe
−iθ
)
+ U
N∑
i=1
ni↑ni↓ (18)
where, ǫA and ǫB are the on-site potentials for the A and
B type atoms. All the other symbols of this Hamiltonian
carry the same meaning as described earlier. We always
Φ
FIG. 18: (Color online). Schematic view of a one-dimensional
tight-binding ordered binary alloy ring threaded by a mag-
netic flux φ. The green and blue circles correspond to two
different types of atoms.
choose N to be even to preserve the perfect binary or-
dering of the two types of atoms in the ring, as shown in
Fig. 18.
Let us now discuss the behavior of persistent current
in an ordered binary alloy ring and investigate the role
of electron-electron correlation on persistent current. In
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FIG. 19: Current-flux characteristics of four (↑, ↑, ↓, ↓) elec-
tron ordered binary alloy rings, where (a) N = 4, Ne = 4
and (b) N = 8, Ne = 4. The solid, dotted, small dashed
and dashed lines in (a) correspond to U = 0, 2, 4 and 10,
respectively, while in (b) they are for U = 0, 2, 4 and 6,
respectively.
a pure ring consisting of either A or B type of atoms and
in absence of any electron correlation, the current shows
discontinuity at certain points of φ due to ground state
degeneracy and the I-φ curve gets a saw-tooth like be-
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havior28. This discontinuity completely disappears in a
binary alloy ring with U = 0, as illustrated by the solid
line in Fig. 19(a). This is due to the fact that, the binary
alloy configuration may be considered as a perturbation
over the pure ring which lifts the ground state degener-
acy, and accordingly, the current I(φ) becomes a contin-
uous function of magnetic flux. As we consider electron-
electron interaction, current always decreases with the
increase of interaction strength. However, depending on
the number of electrons Ne in the ordered binary alloy
rings, we get enhancement of persistent current for the
low values of U , but it decreases eventually when U be-
comes very large. This type of behavior is depicted in
Fig. 19(a), where we display the current-flux character-
istics for a half-filled ordered binary alloy ring with four
electrons (two up and two down spin electrons). We see
that for U = 2 (dotted line) and U = 4 (small dashed
line), current amplitudes are significantly larger than the
non-interacting case, whereas for U = 10 (dashed line)
the current amplitude becomes less than that from U = 0
case. This enhancement takes place above quarter-filling
i.e., when Ne > N/2 and can be easily understood as fol-
lows. As N is even there are exactly N/2 number of sites
with the lower site potential energy. If we do not take
into account the electron-electron correlation, then above
the quarter-filling it is preferred that some of these lower
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FIG. 20: Persistent current as a function of AB flux φ in a two
(↑, ↓) electron incommensurate ring, where the solid, dotted
and dashed curves correspond to U = 0, 1 and 3, respectively.
The ring size N is fixed at 30.
energy sites will be doubly occupied in the ground state.
As we switch on the Hubbard correlation, the two elec-
trons that are on the same site repel each other which
results an enhancement in persistent current. But for
large enough U , the hopping of the electrons is strongly
suppressed by the interaction and the current amplitude
gets reduced. On the other hand, at and below quarter-
filling, no lower energy site will be doubly occupied in
the ground state and hence there is no possibility of get-
ting enhanced persistent current as a result of Coulomb
repulsion. In these systems we always get the reduc-
tion of persistent current with increasing the strength U .
In Fig. 19(b), we plot current-flux characteristics for a
quarter-filled binary-alloy ring with U = 0, 2, 4 and 6,
and it clearly noticed that persistent current is always
suppressed due to this electronic correlation.
2. Rings with incommensurate site potentials
In this sub-section, we illustrate the behavior of persis-
tent current in one-dimensional mesoscopic rings subject
to quasi-periodic site potentials and study the effect of
e-e interaction on persistent current. For a N -site ring
with incommensurate site potentials, the TB Hamilto-
nian reads,
H =
∑
σ
N∑
i=1
ǫ cos(iλπ)c†i,σci,σ
+ t
∑
σ
N∑
i=1
(
c†i,σci+1,σe
iθ + c†i+1,σci,σe
−iθ
)
+ U
N∑
i=1
ni↑ni↓ (19)
where, λ is an irrational number and as a typical example
we take it the golden mean, 1+
√
5
2
. For λ = 0, we get back
the pure ring with identical site potential ǫ.
Rings with two opposite spin electrons: To investigate
the precise role of electron-electron interaction on per-
sistent current in presence of incommensurate site po-
tentials let us first begin our discussion with a simplest
possible system which is the case of a ring with two op-
posite spin (up and down) electrons. Figure 20 shows
the current-flux characteristics of a 30-site incommensu-
rate ring, where the solid, dotted and dashed lines corre-
spond to U = 0, 1 and 3, respectively. The current gets
reduced significantly by the incommensurate site poten-
tials in absence of any electron correlation. This is clearly
observed from the solid line of Fig. 20, where it almost
coincides with the abscissa. This is due to the fact that,
in presence of aperiodic site potentials the electronic en-
ergy eigenstates are critical65,66 which tends to localize
the electrons, and accordingly, the current amplitude gets
decreased. But this situation changes quite dramatically
as we include electron-electron interaction. From Fig. 20
it is clearly observed that the Hubbard correlation consid-
erably enhances persistent current for the low values of U
(dotted curve). The reason is that the repulsive Coulomb
interaction does not allow double occupancy of the sites
in the ground state and also it opposes the confinement
of electrons as a result of localization. Therefore, the mo-
bility of electrons increases as we introduce the electron-
electron interaction and current gets enhanced. But such
enhancement ceases to occur after certain values of U due
to the ring geometry, and the current then decreases as
we increase the correlation strength U further (dashed
curve). Here we also observe that some strange kink-like
structures appear in current-flux characteristics around
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φ = ±0.5 for finite values of U and inside these kinks
persistent currents are independent of the Hubbard cor-
relation strength. Therefore, it reveals that the kinks ap-
pear from the U -independent energy eigenstates of these
rings. The explanation for the appearance of such kinks
in persistent current has already been discussed in our
previous sub-section for ordered rings. In these rings with
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FIG. 21: Current-flux characteristics in a three (↑, ↑, ↓) elec-
tron incommensurate ring. (a) Half-filled ring (N = 3) with
U = 4, where the dotted and solid curves correspond to λ = 0
and λ 6= 0, respectively. (b) Non-half-filled (N = 12) ring
with λ 6= 0, where the solid, dotted and dashed curves repre-
sent U = 0, 4 and 50, respectively.
two opposite spin electrons, the current shows kink-like
structures as long as the interaction is included, but in
presence of the incommensurate site potentials kinks ap-
pear above some critical value of the correlation strength
depending on the system size and strength of random-
ness. For such two-electron incommensurate rings we get
φ0 periodic currents.
Rings with two up and one down spin electrons: As rep-
resentative examples of three-electron systems now we
consider incommensurate rings with two up and one
down spin electrons. In Fig. 21(a) we present current-flux
characteristics for an half-filled ring (N = 3 and Ne = 3)
when the correlation strength U is set at 4. The dotted
curve of this spectrum corresponds to a pure ring (λ = 0)
which exhibits discontinuous jumps at φ = 0, ±0.5 due to
the crossing of energy levels. Quite interestingly we ob-
serve that, this pure half-filled three-electron system ex-
hibits a perfect φ0/2 periodicity and we will see that this
is a characteristic feature of pure half-filled rings with odd
number of electrons. From the solid curve of this spec-
trum it is evident that, such φ0/2 periodicity no longer
exists as we introduce the incommensurate site potentials
and we get back the usual φ0 flux-quantum periodicity.
Moreover, in this case the current I(φ) becomes a contin-
uous function with φ as the perturbation due to disorder
lifts the ground state degeneracy at the crossing points
-0.75 0.75
Φ
-0.6
0.6
IHΦL
HbL
-0.75 0.75
Φ
-4.0
4.0
IHΦL
HaL
FIG. 22: Current-flux characteristics in a four (↑, ↑, ↓, ↓) elec-
tron incommensurate ring. (a) Half-filled (N = 4) band case,
where the solid, dotted and dashed lines correspond to U = 0,
4 and 10, respectively. (b) Non-half-filled (N = 8) band case,
where the solid and dashed lines are for U = 4 and 16, re-
spectively.
of the energy levels. The characteristic features of persis-
tent current are quite different in the non-half-filled rings
with two up and one down spin electrons. Figure 21(b)
gives the results for a 12-site ring with incommensurate
site potentials, where the solid, dotted and dashed lines
represent U = 0, 4 and 50, respectively. The role of
the Hubbard correlation on persistent current in pres-
ence of the incommensurate site potentials becomes evi-
dent from these characteristics curves. For low values of
U , the I-φ curve resembles to that for the non-interacting
case and the current does not provide any discontinuity.
But for large enough U , kink-like structures in persis-
tent current are obtained as shown in Fig. 21(b) by the
dashed curve. In this case also the kinks are due to the
U -independent eigenstates like the two electron systems,
and as explained earlier the currents inside the kinks be-
come independent of the correlation strength U . It is
observed that persistent currents always have φ0 period-
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icity in the non-half-filled systems. Here we also notice
that for the half-filled systems, current always decreases
with the increase of U , while in the non-half-filled rings
current gets significant enhancement due to interplay be-
tween the electron correlation and the incommensurate
site potentials.
Rings with two up and two down spin electrons: Next
we address the characteristic features of persistent cur-
rent in four-electron systems with incommensurate site
potentials and as illustrative examples we consider rings
with two up and two down spin electrons. In Fig. 22(a),
we plot current-flux characteristics for an half-filled ring
(N = 4 and Ne = 4), where the solid, dotted and dashed
lines are for the cases with U = 0, 4 and 10, respectively.
From these curves it is clearly observed that the current
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FIG. 23: Current-flux characteristics of a five (↑, ↑, ↑, ↓, ↓)
electron incommensurate ring away from the half-filled band
case where the solid and dotted curves correspond to U = 18
and 120, respectively. The ring size N is fixed at 7.
amplitude gradually decreases with the increase of the
correlation strength U . This reveals that in the half-filled
case, electronic mobility gradually decreases with the in-
crease of U , and we see that for large enough U , the
system goes to an insulating phase. This kind of behav-
ior holds true for any half-filled system, because at large
enough U every site will be occupied by a single electron
and the hopping of the electrons will not be favored due
to strong electron-electron repulsion. Figure 22(b) dis-
plays the current-flux characteristics for a non-half-filled
four-electron system with the aperiodic Harper potential.
The solid and dotted curves are the I-φ curves for a 8-
site ring with U = 4 and U = 10, respectively. This
figure depicts that for low values of U , persistent current
I(φ) has no discontinuity but kinks appear in the I-φ
curve at large value of U . These kinks appear at suffi-
ciently large value of U due to additional crossing of the
ground state energy levels as we vary φ. It is important to
note that, in the present case kinks appear due to the U -
dependent states and not from the U -independent states
as in the previous two- and three-electron cases. Both
for the half-filled or non-half-filled incommensurate rings
with four electrons, we observe that persistent current
always exhibits φ0 periodicity.
Rings with three up and two down spin electrons: Fi-
nally, we take five-electron aperiodic rings and evaluate
persistent current in rings with three up and two down
spin electrons. In a pure half-filled ring (N = 5, Ne = 5
and λ = 0), we get φ0/2 periodic persistent current and
we have already observed such period halving in other
pure half-filled systems with odd number of electrons
(e.g., N = 3, Ne = 3 and λ = 0). Like the three-electron
half-filled incommensurate rings, also in this case the
φ0 periodicity of the persistent current is restored once
we introduce the incommensurate site potentials. The
current-flux characteristics for the non-half-filled five-
electron rings with N = 7 are shown in Fig. 23. The
solid and dotted curves correspond to U = 18 and 120,
respectively. Similar to non-half-filled three-electron sys-
tem, here also kinks appear in persistent current beyond
a critical value of U . Another important observation is
that for large U (U = 120), the maximum amplitude of
the current remains finite. This is quite obvious since
we consider the systems with N > Ne, where some sites
become always empty so that electrons can hop to the
empty sites which results the conducting phase. We also
see that in these non-half-filled five-electron rings persis-
tent currents always have the φ0 periodicity.
Thus the analysis of persistent current in ordered bi-
nary alloy and aperiodic Hubbard rings yields many in-
teresting results due to interplay between the electron-
electron interaction and disorder in these systems. The
significant results are: (a) In absence of electron cor-
relation, the discontinuity in current-flux characteristics
disappears due to disorder. This has been observed both
in the ordered binary alloy rings and also in the aperi-
odic rings. (b) In pure rings with electron correlation,
we observe both φ0 and φ0/2 periodicities in persistent
currents. However, in the incommensurate and ordered
binary alloy rings persistent currents always have the φ0
periodicity. (c) In ordered binary alloy rings, above the
quarter-filling we get the enhancement of persistent cur-
rent for small values of U and the current eventually de-
creases when U becomes large. On the other hand, at and
below quarter-filling, persistent current always decreases
with the increase of U . (d) An important finding is the
appearance of kink-like structures in I-φ curves of the
incommensurate rings only when we take into account
the electron-electron interaction. Quite surprisingly we
observe that, in some cases the currents inside the kinks
are independent of the correlation strength U .
IV. ENHANCEMENT OF PERSISTENT
CURRENT IN ONE-CHANNEL RINGS AND
MULTI-CHANNEL CYLINDERS
Almost all the existing theories are basically based on
the framework of nearest-neighbor TB model with ei-
ther diagonal or off-diagonal disorder, and it has been
observed that the simple nearest-neighbor TB Hamilto-
nian cannot explain the observed enhancement of per-
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sistent current, even in presence of electron-electron
interaction. In this sub-section, we will address the
problem of the enhancement of persistent current in
single-isolated-disordered mesoscopic one-channel rings
and multi-channel cylinders, considering higher order
hopping integrals in the Hamiltonian within a non-
interacting electron picture, on the basis that the over-
lap of atomic orbitals between various neighboring sites
are usually non-vanishing, and the higher order hopping
integrals become quite significant67–69. Physically, the
higher order hopping integrals try to delocalize electrons
even in one-dimension preserving their phase coherence
and prevent the reduction of persistent current due to
disorder. The fluctuations in persistent currents are also
highly diminished due to the higher order hopping inte-
grals. As a result, average amplitude of persistent current
becomes comparable to I0 and this is exactly what has
been observed experimentally.
A. One-channel mesoscopic rings
We describe a N -site ring (Fig. 24) enclosing a mag-
netic flux φ (in units of the elementary flux quantum φ0)
by the following TB Hamiltonian in the Wannier basis,
H =
∑
i
ǫic
†
i ci +
∑
i6=j
tij
(
c†i cje
iθij + c†jcie
−iθij
)
(20)
where, ǫi is the on-site energy and the phase factor
θij = 2πφ (|i− j|) /N . Here we take the hopping inte-
gral between any two sites i and j through the expres-
Φ
FIG. 24: (Color online). One-channel normal metal ring
pierced by a magnetic flux φ. The filled circles correspond
to the positions of the lattice sites.
sion tij = t exp [α (1− |i − j|)], where t corresponds to
the nearest-neighbor hopping (NNH) strength. Since the
hopping integrals between far enough sites give negligible
contributions, we consider only one higher order hopping
integral in addition to the NNH integral which pro-
vides the hopping of an electron in the next shortest path
between two sites. Therefore, in the case of strictly one-
channel rings the next possible shortest path becomes the
twice of the lattice spacing.
1. Impurity free rings
Here we concentrate on the behavior of persistent
current both for impurity free mesoscopic rings de-
scribed with only NNH integral, and rings described with
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FIG. 25: Energy spectra and persistent currents of 10-site
ordered rings with four electrons (Ne = 4), where (a) and (b)
correspond to NNH model, while (c) and (d) correspond to
SNH (α = 1.1) model.
NNH integral in addition to the second-neighbor hopping
(SNH) integral. In absence of any impurity, setting ǫi = 0
in Eq. 20, the energy eigenvalue of the nth eigenstate can
be expressed as,
En(φ) =
p0∑
p=1
2t exp [α (1− p)] cos
[
2πp
N
(n+ φ)
]
(21)
and the corresponding persistent current carried by this
eigenstate becomes,
In(φ) =
(
4πt
N
) p0∑
p=1
exp [α (1− p)] sin
[
2πp
N
(n+ φ)
]
(22)
where, p is an integer. We take p0 = 1 and 2, respec-
tively, for the rings with NNH and SNH integrals. For
large values of α, the ring described with SNH integral
eventually equivalent to the ring with only NNH integral.
The contributions from the SNH integral become much
more appreciable only when we decrease the value of α.
In such case, the energy spectrum and the persistent cur-
rent get modified and these modifications provide some
interesting new results, which can be available from the
following analysis.
To have a deeper insight to the problem, let us first de-
scribe the energy spectra and persistent currents of some
small perfect rings (N = 10) containing four electrons
(Ne = 4). The results are shown in Fig. 25. The energy
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spectra for the rings described with NNH and SNH inte-
grals are shown in Figs. 25(a) and (c), respectively. Here
the solid curves represent the variation of the Fermi level
at T = 0K with flux φ. We see that the SNH integral
lowers the energy levels, and most importantly, below
the Fermi level the slopes of the E(φ) versus φ curves
increases. As a result, the current gets increased in pres-
ence of SNH integrals and this enhancement of persistent
current is clearly observed from Figs. 25(b) and (d). In
Fig. 25, we have considered a 10-site ring only for the
sake of illustration and the results for a larger ring are
presented in Fig. 26.
In Fig. 26, we plot current-flux characteristics for some
perfect rings with N = 100 and α = 0.9. The dotted
and solid curves correspond to the variation of persistent
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FIG. 26: Persistent current as a function of flux φ for some
ordered rings with N = 100 and α = 0.9, where (a) Ne = 20
and (b) Ne = 15. The dotted and solid curves correspond to
the rings with NNH and SNH integrals, respectively.
current with flux φ for the rings described with NNH and
SNH integrals, respectively. The enhancement of current
amplitude due to the inclusion of SNH integral is clearly
visible from Figs. 26(a) and (b) by comparing the results
plotted by the dotted and the solid curves. Figure 26(a)
shows that the current has sharp transitions at φ = 0 or
±nφ0, while in Fig. 26(b) the current shows transitions at
φ = ±nφ0/2. These transitions are due to the degeneracy
of energy eigenstates at these respective fields. For all the
above models currents are always periodic in φ providing
φ0 flux-quantum periodicity.
2. Rings with impurity
In order to understand the role of higher order hopping
integral on persistent current in disordered mesoscopic
rings, we first describe the energy spectra and persistent
currents in small rings. The results for a 10-site disor-
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FIG. 27: Energy spectra and the persistent currents of 10-
site disordered (W = 1) rings with four electrons (Ne = 4),
where (a) and (b) correspond to NNH model, while (c) and
(d) correspond to SNH (α = 1.1) model.
dered ring with Ne = 4 are shown in Fig. 27. To describe
the system we use the tight-binding Hamiltonian as given
in Eq. 20, where the site energies (ǫi’s) are chosen ran-
domly from a “Box” distribution function of width W .
The energy spectra for the rings described with NNH and
SNH integrals are plotted in Figs. 27(a) and (c), respec-
tively. In these figures the solid curves give the location
of the Fermi level. Like the ordered cases, the SNH in-
tegral lowers the energy levels and below the Fermi level
slopes of the E(φ) versus φ curves become much more
than those for the NNH model. Thus even in the pres-
ence of impurity, we get the enhancement of persistent
current due to the SNH integral, which is observed from
the results presented in Figs. 27(b) and (d), respectively.
In Fig. 28, we plot the current-flux characteristics
for some larger disordered rings considering N = 100,
α = 0.9 and the disorder strength W = 1. The dotted
and solid lines correspond to the rings described with
NNH and SNH integrals, respectively. The results for
the even number of electrons (Ne = 20) are shown in
Fig. 28(a), while Fig. 28(b) represents the currents for
the odd Ne (Ne = 15). The currents are computed for
some typical disordered configurations of the ring, and in
fact we observe that the qualitative nature of persistent
current does not depend on the specific realization of the
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disordered configurations. Figure 28 shows that persis-
tent current for the disordered rings is always periodic
in φ with φ0 flux-quantum periodicity. In the presence
of impurity, current becomes a continuous function of
flux φ which is clearly visible from this figure (Fig. 28).
For the perfect rings, sharp transitions in persistent cur-
rent at the points φ = 0 or ±nφ0 with even Ne and at
φ = ±nφ0/2 with odd Ne appear due to the degener-
acy of the ground state energy at these respective field
points. Now as the impurities are introduced, all the de-
-1.0 1.0
Φ
-0.1
0.1
IHΦL
HbL
-1.0 1.0
Φ
-0.1
0.1
IHΦL
HaL
FIG. 28: Persistent current as a function of flux φ for some
disordered rings with N = 100, α = 0.9 and W = 1, where
(a) Ne = 20 and (b) Ne = 15. The dotted and solid curves
correspond to the rings with NNH and SNH integrals, respec-
tively.
generacies get lifted and the current exhibits a continuous
variation with respect to the flux φ. At these degener-
ate points, the ground state energy passes through an
extrema which in turn gives the zero persistent current
as shown in Fig. 28. It is clear from Fig. 28 that, the
second-neighbor hopping (SNH) integral plays a signifi-
cant role to enhance the amplitude of persistent current
in disordered rings. From Figs. 28(a) and (b) we see
that, the currents in disordered rings with only NNH in-
tegrals (dotted curves) are vanishingly small compared
to those as observed in the impurity free rings with NNH
integrals (dotted curves in Figs. 26(a) and (b)). On the
other hand, Fig. 28 emphasizes that the currents in the
disordered rings with higher order hopping integral are
of the same order of magnitude as those for the ordered
rings.
In Fig. 29, we plot persistent currents for some dis-
ordered rings with higher electron concentrations, and
study the cases with N = even or odd and Ne = even
or odd. The dotted and solid curves respectively corre-
sponds to the NNH and SNH models. It is observed that
the evenness or the oddness of N and Ne do not play
any important role on persistent current, but we will see
later that the diamagnetic or the paramagnetic sign of
the current crucially depends on the evenness or oddness
of Ne.
Physically, the higher order hopping integrals try to
delocalize electrons preserving their phase coherence and
prevent the reduction of the current due to disorder. In
disordered rings with only NNH integrals, the enormous
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FIG. 29: Current-flux characteristics for some disordered
rings with higher electron concentrations and we set W = 1
and α = 1.1, where (a) N = 125, Ne = 45; (b) N = 125,
Ne = 40; (c) N = 150, Ne = 55 and (d) N = 150, Ne = 60.
reduction of the current amplitudes are basically due to
localization of the energy eigenstates. When we add
higher order hopping integrals, it is most likely that the
localization length increases and may become compara-
ble to the length of the ring, and we get the enhancement
of the persistent current.
B. Multi-channel mesoscopic cylinders
So far we have confined our discussions only to one-
dimensional systems which do not really correspond to
the experimental situations. Enhancement of the per-
sistent current has been observed even in single-isolated
diffusive (disordered) metallic rings. But diffusion is not
possible strictly in one-dimension and it becomes neces-
sary to consider finite width of the samples69. The sim-
plest way of doing this is to consider a cylindrical meso-
scopic ring threaded by a magnetic flux φ. A schematic
representation of the system is given in Fig. 30. As-
suming that the lattice spacing both in the longitudinal
and transverse directions are identical (i.e., surface of the
cylinder forms a square lattice), we can describe the sys-
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tem by the TB Hamiltonian as,
H =
∑
x
ǫxc
†
xcx+
∑
<xx′>
[
txx′e
iθxx′ c†xcx′ + txx′e
−iθxx′ c†x′cx
]
(23)
where ǫx is the site energy of the lattice point x of coor-
dinate, say, (i, j). txx′ is the hopping integral between
the lattice points x and x′ and θxx′ is the phase factor
acquired by the electron due to this hopping in presence
of magnetic flux φ. Let us now investigate the role of just
the second-neighbor hopping integral on persistent cur-
rent, and neglect the effects of all higher order hopping
integrals. Let t denotes the nearest-neighbor hopping in-
tegral and the second-neighbor hopping integral (across
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FIG. 30: Schematic view of a multi-channel mesoscopic cylin-
der threaded by a magnetic flux φ. The filled circles corre-
spond to the positions of the lattice sites.
the diagonal of the square) is taken to have the exponen-
tial form: t exp(−α), where α is the decay constant.
In absence of any impurity, setting ǫx = 0, the energy
eigenvalue of the nth eigenstate becomes,
En(φ) = 2t cos
[
2π
N
(n+ φ)
]
+ 4te−α cos
[
2π
N
(n+ φ)
]
× cos
[
2πm
M
]
+ 2t cos
[
2πm
M
]
(24)
and the persistent current carried by this eigenstate is,
In(φ) =
(
4πt
N
)
sin
[
2π
N
(n+ φ)
]
+
(
8πt
N
)
e−α
× sin
[
2π
N
(n+ φ)
]
cos
[
2πm
M
]
(25)
where, n and m are two integers bounded within the
range−⌊N/2⌋ ≤ n < ⌊N/2⌋ and−⌊M/2⌋ ≤ m < ⌊M/2⌋,
respectively, where ⌊. . .⌋ denotes the integral part. Here
M and N are the number of sites along the longitudinal
and transverse directions of the cylinder, respectively.
Let us first describe the behavior of persistent current
in a multi-channel cylinder using the nearest-neighbor
tight-binding Hamiltonian. The results are shown in
Fig. 31, where (a) and (b) correspond to Ne = 45 and 40,
respectively. Here we set N = 50 and M = 4. The solid
curves describe the currents in absence of any impurity,
while the dotted lines are for the disordered case and
to introduce impurities ǫx’s are taken as random vari-
ables with uniform “Box” distribution of width W . The
persistent current for the perfect cylinder (solid curves)
has many discontinuities within each φ0 flux-quantum
period. These discontinuities are due to the existence
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FIG. 31: Persistent current as a function of flux φ for a typical
multi-channel mesoscopic cylinder with N = 50 and M = 4
described by NNH integral only, where (a) Ne = 45 and (b)
Ne = 40. The solid and dotted lines are for the perfect (W =
0) and disordered (W = 1) cylinders, respectively.
of degenerate energy levels at certain magnetic flux, and
these degeneracies get lifted as long as impurities are in-
cluded. The current for the disordered system provides
a continuous variation with φ as shown by the dotted
lines in Figs. 31(a) and (b). It is observed that, even
in multi-channel cylindrical systems the nearest-neighbor
TB model gives orders of magnitude reduction of persis-
tent currents compared to the results for the ballistic
case.
The behavior of persistent current for the disordered
mesoscopic cylinder changes drastically as we switch on
the second-neighbor hopping integrals. In Fig. 32, we
plot the current-flux characteristics for a multi-channel
cylinder in presence of the second-neighbor hopping in-
tegral (α = 1) considering M = 50 and N = 4. The
results shown in Figs. 32(a) and (b) are respectively for
the cylinders with Ne = 45 and 40, where the solid and
dotted lines correspond to the identical meaning as in
Fig. 31. From the spectra we see that the current ampli-
tudes in the disordered cylinder (dotted curves) are com-
parable to that of the perfect systems (solid curves). This
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is due to the fact that higher order hopping integrals try
to delocalize the electrons, and accordingly, the current
amplitudes get enhanced even by an order of magnitude
in comparison with the estimates of current amplitudes
in disordered cylinders using the nearest-neighbor TB
Hamiltonian. This study reveals that for both the meso-
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FIG. 32: Persistent current as a function of flux φ for a multi-
channel mesoscopic cylinder described with both NNH and
SNH (α = 1.0) integrals, where (a) Ne = 45 and (b) Ne =
40. The solid and dotted curves correspond to the perfect
(W = 0) and dirty (W = 1) cylinders, respectively. Here we
fix N = 50 and M = 4.
scopic one-channel rings and the multi-channel cylinders
the higher order hopping integrals play a very significant
role in the enhancement of persistent current amplitude
in disordered systems.
V. LOW-FIELD MAGNETIC RESPONSE ON
PERSISTENT CURRENT
The diamagnetic or paramagnetic sign of low-field per-
sistent currents also becomes a controversial issue due to
discrepancy between theory and experiment. From the
theoretical calculations, Cheung et al.28 predicted that
the sign of persistent current is random depending on to-
tal number of electrons, Ne, in the system and on specific
realization of the disordered configurations of the ring.
Both the diamagnetic and paramagnetic responses were
also observed theoretically in mesoscopic Hubbard rings
by Yu and Fowler55. They showed that the rings with
odd Ne exhibit paramagnetic response, while those with
even Ne have diamagnetic response in the limit φ → 0.
In an experiment on 107 isolated mesoscopic Cu rings,
Levy et al.18 had reported diamagnetic response for the
low-field currents, while with Ag rings Chandrasekhar et
al.22 got the paramagnetic phase. In a recent experi-
ment, Jariwala et al.21 have got diamagnetic persistent
currents with both integer and half-integer flux-quantum
periodicities in an array of 30-diffusive mesoscopic gold
rings. The diamagnetic sign of persistent currents in the
vicinity of zero magnetic field were also found in an ex-
periment19 on 105 disconnected Ag ring. The sign of the
low-field current is a priori not consistent with the theo-
retical predictions. In this sub-section, we will study the
nature of low-field magnetic response by calculating mag-
netic susceptibility of mesoscopic one-channel rings and
multi-channel cylinders through some exact calculations.
The magnetic susceptibility of a N -site AB ring can be
obtained from the general expression56,
χ(φ) =
N3
16π2
[
∂I(φ)
∂φ
]
. (26)
Calculating the sign of χ(φ), one can predict whether the
current is paramagnetic or diamagnetic. Here we focus
our attention on the systems either with fixed number of
electrons Ne or with fixed chemical potential µ.
A. One-channel mesoscopic rings
Let us first analyze the behavior of low-field magnetic
susceptibility in an impurity-free one-channel mesoscopic
ring described with fixedNe. Figure 33(a) shows the vari-
ation of χ(φ) as a function of Ne for a perfect ring with
N = 200 in the limit φ→ 0. It is noticed that, both for
the even and odd Ne, current has only the diamagnetic
sign. This diamagnetic sign of the low-field currents can
be easily understood from the slope of current-flux curve
of one-channel impurity-free rings (see the curves given
in Fig. 3). From these curves we observe that the current
always exhibits negative slope at low-fields. Therefore, it
can be predicted that for perfect one-channel rings cur-
rent provides only the diamagnetic sign near zero-field
limit, irrespective of the total number of electrons Ne
i.e., whether the rings contain odd or even Ne.
The effects of disorder on low-field currents are quite
interesting, and our results show that the sign of the
currents, even in presence of disorder, can be mentioned
without any ambiguity both for rings with odd and even
Ne. In Fig. 33(b), we plot χ(φ) as a function of Ne for
the disordered case. Here we set N = 200 and W = 1.
The solid and dotted lines correspond to the results for
odd and even Ne, respectively. These curves show that
the rings with odd Ne exhibit only the diamagnetic sign
for the low-field currents, while for even Ne the low-field
currents always have the paramagnetic sign. Physically,
the disorder lifts all the degeneracies of the energy levels
those were observed in a perfect ring, and as a result the
sharp discontinuities of the I-φ curves (see the curves of
Fig. 3) disappear. It may be noted that the slopes of
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the I-φ curves for even and odd Ne always have oppo-
site signs near zero magnetic field (see Fig. 6). Thus for
one-dimensional disordered rings with fixed number of
electrons, the sign of low-field current is independent of
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FIG. 33: Low-field magnetic susceptibility as a function of Ne
for (a) perfect ring (W = 0) and (b) disordered (W = 1) ring.
The solid and dotted lines in (b) correspond to the results for
odd and even Ne, respectively. Here we set N = 200.
the specific realization of disordered configurations and
depends only on the oddness or evenness of Ne.
Effect of temperature
At non-zero temperature, we notice an interesting be-
havior of low-field magnetic susceptibility in mesoscopic
rings. Let us confine ourselves to the systems with even
number of electrons. At any finite temperature, magnetic
response of these systems are always paramagnetic both
for perfect and disordered rings in the zero field limit.
For a given system, this paramagnetism is observed over
a certain range of φ close to φ = 0, say, in the domain
φ0/4 ≤ φ ≤ φ0/4. Quite interestingly, we observe that, at
finite temperatures the magnetic response of this partic-
ular system becomes diamagnetic beyond a critical field
φc(T ), even though |φc(T )| < φ0/4.
In Fig. 34, we show the variation of the critical field
φc(T ) as a function of even Ne for a perfect 45-site one-
channel ring. The curve with higher values of φc(T ) cor-
responds to the temperature T/T ⋆ = 1.0, while the other
curve corresponds to T/T ⋆ = 0.5. Figure 35, on the
other hand, represents the behavior of φc(T ) for a disor-
dered sample (with W = 1) at the same temperatures,
T/T ⋆ = 1.0 (upper curve) and T/T ⋆ = 0.5 (lower curve).
From these spectra (Figs. 34 and 35) it is clear that the
critical value of φ, where the transition from the param-
agnetic to diamagnetic phase takes place, increases with
the increase of the temperature. Thus we see that, both
for the perfect and disordered rings with even number
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FIG. 34: φc(T ) versus Ne (Ne=even) curves for perfect rings
with size N = 45.
of electrons there exists a critical value of magnetic flux
φc(T ), beyond which the magnetic response of the low-
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FIG. 35: φc(T ) versus Ne (Ne=even) curves for disordered
(W = 1) rings with size N = 40.
field currents exhibits a transition from the paramagnetic
to the diamagnetic one.
The situation is quite different even at zero temper-
ature when we describe the system by constant chemi-
cal potential instead of fixed Ne. It may be noted that,
only for some particular values of µ the system will have
a fixed number of electrons, and for these values of µ
the sign of low-field currents can be predicted according
to the above prescriptions. While, for all other choices
of µ, total number of electrons varies even for a slight
change in magnetic flux φ in the neighborhood of zero
flux. Hence, it is not possible to predict the sign of the
low-field currents precisely, even in absence of any impu-
rity in the system. Thus the sign of low-field currents
strongly depends on the choice of µ, strength of disorder
and disordered configurations.
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B. Multi-channel mesoscopic cylinders
We have also studied the low-field magnetic response
in mesoscopic rings of finite widths56. Our study reveals
that, for such systems it is not possible to predict pre-
cisely the sign of the low-field currents even for impurity-
free cases with fixed number of electrons. So we can con-
clude that, in diffusive multi-channel mesoscopic rings
sign of the low-field currents is a highly unpredictable
quantity as it can be easily affected by total number
of electrons Ne, chemical potential µ, magnetic flux φ,
strength of disorder W , realizations of disordered config-
urations, etc. This is exactly the same picture what has
been observed experimentally regarding the sign of the
low-field currents.
VI. CONCLUDING REMARKS
In the present review we have demonstrated quantum
transport properties in different types of closed loop sys-
tems. These are one-channel rings, multi-channel cylin-
ders, etc.
At the beginning of this review (Section I), we have de-
scribed very briefly some of the spectacular effects those
appear in mesoscopic systems as a consequence of the
quantum phase coherence of electronic wave functions.
One of the most remarkable consequences of the quantum
phase coherence is the appearance of AB oscillations in
normal metal mesoscopic rings. Some other mesoscopic
phenomena that were observed in mesoscopic systems are
the integer and fractional quantum Hall effects, conduc-
tance fluctuations and its quantization, etc. In this re-
view, we have first concentrated on the spectacular meso-
scopic phenomenon where a non-decaying current, the
so-called persistent current, circulates in a small metallic
loop threaded by a slowly varying magnetic flux. To un-
derstand the behavior of experimental results on persis-
tent current, one has to focus attention on the interplay
of quantum phase coherence, electron-electron correla-
tion and disorder. This is a highly challenging problem
and here we have tried to address this problem.
The characteristic features of persistent current in non-
interacting single-channel rings and multi-channel cylin-
ders have been presented in Section II showing its de-
pendence on total number of electrons Ne, chemical po-
tential µ, randomness and total number of channels. All
the calculations have been performed only at absolute
zero temperature. In perfect one-channel rings with fixed
Ne, persistent current shows saw-tooth like behavior as a
function of magnetic flux φ with sharp discontinuities at
φ = ±nφ0/2 or ±nφ0 depending on whether the ring con-
tains odd or evenNe. On the other hand, some additional
kinks may appear in persistent currents for one-channel
perfect rings described with fixed µ. The situation is
somewhat different for the multi-channel perfect cylin-
ders. In such cylindrical rings, kinks appear in persistent
currents for both the cases with fixed Ne or fixed µ.
In Section III, we have explored the effects of e-e corre-
lation and disorder on persistent current in single-channel
rings. We have used the TB Hubbard model and deter-
mine persistent current by exact numerical diagonaliztion
of the Hamiltonian. First, we have studied the behav-
ior of persistent current in some perfect small with few
number of electrons. We have found many interesting
results those are: the appearance of kinks in persistent
current due to electron-electron interaction, existence of
both φ0/2 and φ0 flux-quantum periodicities in persis-
tent current, disappearance of the singular behavior of
persistent current in the half-filled rings with even num-
ber of electrons, existence of U -independent energy eigen-
states, appearance of both the metallic and insulating
phases, etc. The discontinuities in persistent current at
non-integer values of φ0 due to the electron correlation
have also been observed, which crucially depend on the
filling of the ring and also on the parity of the number
of electrons. Next, we have investigated the effects of
electron-electron correlation on persistent current in or-
dered binary alloy rings and aperiodic rings. The main
results are: (a) In absence of electron correlation both for
the ordered binary alloy and aperiodic rings the discon-
tinuity in the I-φ curves disappears. (b) The persistent
currents exhibit only φ0 flux-quantum periodicity. (c) In
ordered binary alloy rings with more than quarter-filled,
we observe enhancement of persistent current for small
values of U , but it eventually decreases when U becomes
very large. On the other hand, at and below quarter-
filling current always decreases with the strength of U .
Though we have noticed some enhancement of cur-
rent amplitude in disordered rings due to Hubbard cor-
relation, but still the amplitude is orders of magnitude
smaller than the experimental estimates. In order to ex-
plain the enhancement of current amplitude, in Section
IV we have calculated persistent currents in one-channel
rings and multi-channel cylinders by inserting higher
order hopping integrals together with nearest-neighbor
hopping, within a non-interacting electron picture. The
inclusion of the higher order hopping integrals is based
on the fact that the overlap of atomic orbitals between
various neighboring sites are usually non-vanishing, and
these higher order hopping integrals try to delocalize elec-
trons and prevent reduction of persistent current in pres-
ence of disorder. It has also been observed that the fluc-
tuations of persistent currents are also significantly di-
minished due to the higher order hopping integrals and
the results are comparable to the experimental values.
The diamagnetic or the paramagnetic sign of the low-
field currents is a controversial issue due to the discrep-
ancy between theory and experiment. At the end (Sec-
tion V) of this review, we have examined the behavior
of low-field magnetic response of persistent currents by
calculating magnetic susceptibility in the limit φ→ 0. In
perfect one-channel rings, low-field current exhibits only
the diamagnetic sign irrespective of the parity of the to-
tal number of electrons Ne i.e, whether Ne is odd or
even, while in disordered rings currents have the diamag-
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netic or the paramagnetic nature depending on whether
the rings contain odd or even Ne. The important point
is that, for disordered one-channel rings with fixed Ne
the sign of the low-field currents is completely indepen-
dent of the specific realization of the disordered config-
urations. In this context we have also studied the ef-
fect of finite temperature and observed that both for the
perfect and disordered rings containing even number of
electrons, there exits a critical value of magnetic flux
φc(T ) beyond which the magnetic response of the low-
field currents makes a transition from the paramagnetic
to diamagnetic phase. But in disordered rings described
with fixed chemical potential µ, the sign of low-field cur-
rents cannot be predicted since it strongly depends on
the choices of µ. Finally, in the case of multi-channel
systems we have noticed that sign of these currents can-
not be predicted exactly, even in the perfect case with
fixed Ne as it significantly depends on the choice of Ne,
µ, number of channels, disordered configurations, etc.
Future directions and opportunities: Although the
studies involving persistent currents in mesoscopic rings
and cylinders have already generated a wealth of litera-
ture there is still need to look deeper into the problems
both from the point of view of fundamental physics and
to resolve a few issues that have not yet been answered
in an uncontroversial manner. For example, it may be
extremely interesting to study thermal signatures of per-
sistent currents in metallic rings. The recent progress in
the research on persistent currents in metallic rings sug-
gests that by measuring heat capacity persistent current
can be detected70, and this approach is completely dif-
ferent from the conventional methods i.e., by measuring
the ring’s magnetic moment using a SQUID magnetome-
ter18,21,22,24 or connecting the ring to a superconducting
microresonator19, or by using a sophisticated microme-
chanical detector25. The combined effect of electron-
electron interaction and spin-orbit interaction on persis-
tent current is also an interesting topic which should be
carefully examined.
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